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Abstract. We give a new upper bound on the stable commutator length of 
Dehn twists in hyperelliptic mapping class groups, and determine the stable 
commutator length of some elements. We also calculate values and the defects 
of homogeneous quasimorphisms derived from a;-signatures, and show that 
they are linearly independent in the mapping class groups of pointed 2-spheres 
when the number of points is small. 



1. Introduction 

The aim of this paper is to investigate stable commutator length in hyperelliptic 
mapping class groups and in mapping class groups of pointed 2-spheres. Given 
a group G and an element x € [G, G], the commutator length of x, denoted by 
clG(a^), is the smallest number of commutators in G whose product is x, and the 
stable commutator length of x is defined by the limit sc1g(-'J;) := limri_>oo clGix"^) / n 
(see Definition 12.11 for details). 



We investigate stable commutator length in two groups and T-Lg. Let m be 
a positive integer greater than 3. Choose m distinct points {(ji}™ ^ in a 2-sphere . 
Let DifF+(5'^, {qi]^i) denote the set of all orientation-preserving diffeomorphisms 
in S*^ which preserve {g^}™ ^ setwise with the G°°-topology. We define the mapping 
class group of the m-pointed 2-sphere by = ttq Diff+(S'^, {gi}™ j). Let be 
a closed connected oriented surface of genus g > 1. An involution /, : Sg — > Eg 
defined as in Figure [T] is called the hyperelliptic involution. Let M.g denote the 




T^; 
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Figure 1. hyperelliptic involution t and the curves Si, . . . Sg-i 

mapping class group of Eg, that is the group of isotopy classes of orientation- 
preserving diffeomorphisms of Eg, and let T-Lg be the centralizer of the isotopy 
class of a hyperelliptic involution in A^g, which is called the hyperelliptic mapping 
class group of genus g. Note that M.g = Tig when p = 1, 2. Since there exists 
a surjective homomorphism V : TLg — > A^g^^^ with finite kernel (see Lemma 13.31 
and the paragraph before Remark 13. 5p . these two groups have the same stable 
commutator length. 
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Let So be a nonseparating curve on T,g satisfying t(so) = so, and let Sh be a 
separating curve in Figure [T] for h = 1, . . . , g — 1. We denote by ts^ the Dehn twist 
about Sj for j = 0, 1, ...,<?— 1. In general, it is difficult to compute stable commu- 
tator length, but those of some mapping classes are known. In the mapping class 
group of a compact oriented surface with connected boundary, Baykur. Korkmaz 
and the second author determined the commutator length of the Dehn twist 
about a boundary curve. In the mapping class group of a closed oriented surface, 
interesting lower bounds on scl of Dehn twists are obtained using Gauge theory. 
Endo-Kotschick [T3], and Korkmaz [TB] proved that 1/(18(7 — 6) < sc\m {ts ) for 
j = 0,1, . . . , g — 1. For technical reasons, this result is stated in [T3| only for sep- 
arating curves. This technical assumption is removed in |16j . The second author 
[21] also showed that l/4(2g+ 1) < scl-H^(t,,J and h{g - h)/ g{2g + 1) < scln^itsj 
for h = 1, . . . ,g — 1. 

Stable commutator length on a group is closely related to functions on the group 
called homogeneous quasimorphisms through Bavard's Duality Theorem. Homoge- 
neous quasimorphisms are homomorphisms up to bounded error called the defect 
(see Definition 12.21 for details). By Bavard's theorem, if we obtain a homogeneous 
quasimorphism on the group and calculate its defect, we also obtain a lower bound 
on stable commutator length. Actually, Bestvina and Fujiwara [H Theorem 12] 
proved that the spaces of homogeneous quasimorphisms on ^Ag and A^™ are in- 
finite dimensional when g > 2 and m > 5, respectively. However, it is hard to 
compute explicit values of these quasimorphisms and their defects. To compute 
stable commutator length, we consider computable quasimorphisms derived from 
w-signature in Gambaudo-Ghys' paper |15| on symmetric mapping class groups. 

In Section |31 we review symmetric mapping class groups, which are defined by 
Birman-Hilden as generalizations of hyperclliptic mapping class groups. We recon- 
sider cobounding functions of oj-signaturcs as a series of quasimorphisms (j)m.j on 
a symmetric mapping class group 7roCg(t). Since there exists a surjective homo- 
niorphism V : T:oCg{t) — > Ai™ with finite kernel, the homogcnizations 4>m,j induce 
homogeneous quasimorphisms on M.™ . Let ai E A^™ be a half twist which per- 
mutes the i-th point and the (i + l)-th point. Wc denote by ai £ TToCg{t) a lift of 
ai, which will be defined in Section [3. II 

In Section ini we calculate 0m j" and their homogcnizations 4'm.j- 

Theorem 1.1. Let r be an integer such that 2 < r < m. Then, we have 



(i) 
(ii) 



, ~ N 2(r- 1)j-(to- j) 

Vm,j[cri ■ • -CTr-lJ = J TT , 
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(/>mj(cri • • • (Tr-l) = < -T + 

r m'^ym — 1) 
where [a;] denotes the greatest integer < x. 

Since it requires straightforward and lengthy calculations to prove it, we leave it 
until the last section. A computer calculation shows that the ([m/2] — 1) x ([m/2] — 1) 
matrix whose (i,j)-entry is '^m.j+i(o'i • • • is nonsingular when 4 < m < 30. 
Thus, we have: 
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Corollary 1.2. The set {4'm,j}jl2 linearly independent when 4 < m < 30. 

In Section 111 we calculate the defects of the homogenizations of these quasimor- 
phisms. In particular, we determine the defect of 4>m,m/2 when m is even. Actually, 
4'm,m/2 is the same as the homogenization of Meyer function on the hyperelliptic 
mapping class group T-Lg. 

Theorem 1.3. Let D{(j)mj) and D{(l)„ij) be the defects of the quasimorphisms 
ipm.j and 0m, j", respectively. 

(i) Forj = l,2,...,[m/2], 

(ii) When m is even and j = m/2, 

D{(f>m,ni/2) = m - 2. 

Remark 1.4. If (/) : G M is a quasimorphism and : G -> R is its homogeniza- 
tion, they satisfy 

D{^) < 2Di<j>) 

(see [8] Corollary 2.59). We will claim in Lemma ITTl when (f> is antisymmetric and 
a class function, they satisfy the sharper inequality 

Note that when g = 2, the hyperelliptic mapping class group 7^2 coincides with 
M2- We may think of the hft of cr, £ Mq for i = 1,2,3,4,5 to M2 as the dehn 
twist along the simple closed curve c, in Figured] (see Section [XTjl . Similarly, 
the Dehn twist isi G can be considered as a lift of {(Tia2)^ G A4q by the chain 
relation (see Lemma [^T5|) . Since Theorem ll.il (ii) implies 06,2((ficr2)®) = —8/5 and 
Theorem 11.31 fi) implies -0(06.2) < 4. by applying Bavard's duality theorem, we 
have: 

Corollary 1.5. 

- < SclA^,(tsJ. 

5 

By Theorem 1 1.31 (ii). we can also determine the stable commutator length of the 
following element in 'Kg. 

Corollary 1.6. Let dj, d^, . . . , d'^_i,dg_i be simple closed curves in FigureO Let 
c be a nonseparating simple closed curve satisfying i(c) ~ c which is disjoint from 
df,d~ and Sh {i = 1, . . . , g, h = 1, . . . , g ~ 1) . For g > 2, 

In particular, if g — 2, then we have scl-^a (ij^ij^^) = 1/2. 

Next, we consider upper bounds on stable commutator length. Korkmaz also 
gave the upper bound scljvig(iso) < 3/20 for g > 2 (see [11]). In the case of 5 = 2, 
the second author showed sclMzitso) < sc\M2{tsi) (see [H]). However, these upper 
bounds do not depend on g. On the other hand, Kotschick proved that there is an 
estimate sc\m {ts„) = 0(l/.g) by using the so-called "Munchhausen trick" (see [17] 
)• 

In Section [5] we give the following upper bounds. 
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Theorem 1.7. Let sq be a nonseparating curve on Eg, and let Gg be either M.g 
or Hg. For all g > 1, we have 

1 

SclGg(iso) < 



2{2.9 + 3+(l/g)}- 



2. Preliminaries 

2.1. Stable commutator lengths and quasimorphisms. Let G denote a group, 
and let [G, G] denote the commutator subgroup, which is the subgroup of G gen- 
erated by all commutators [x^y] = xyx^^y^^ for x,y G G. 

Definition 2.1. For x £ [G, G], the commutator length clG(a;) of x is the least 
number of commutators in G whose product is equal to x. The stable commutator 
length of X, denoted sc1(.t), is the limit 

sc1g(-'J;) = hm . 

For each fixed x, the function n clG(a;") is non-negative and c1g(2;™+") < 
c1g(x™) + clG(a;"). Hence, this limit exists. If x is not in [G, G] but has a power 
X™ which is in, define sclG(a;) = sclG(x™)/m. We also define sclG(a;) = od if no 
power of X is contained in [G, G] (we refer the reader to [5] for the details of the 
theory of the stable commutator length). 

Definition 2.2. A quasimorphism is a function : G R for which there is a 
least constant D{(f>) > such that 

for all x,y £ G. We call -D(0) the defect of 4>. A quasimorphism is homogeneous if 
it satisfies the additional property = n(f){x) for all x e G and n E Z. 

We recall the following basic facts. Let </> be a quasimorphism on G. For each 
X G G, define 

The limit exists, and defines a homogeneous quasimorphism. Homogeneous quasi- 
morphisms have the following properties. For example, see [H Section 5.5.2] and 
[m Lemma 2.1 (1)]. 

Lemma 2.3. Let be a homogeneous quasimorphism on G. For all x,y e G, 

(a) 0(x) = (p{yxy-^), 

(b) xy = yx=> <f>{xy) = (/)(a;) -I- 0(y). 

Theorem 2.4 (Bavard's Duality Theorem [Ba]). Let Q be the set of homogeneous 
quasimorphisms on G with positive defects. For any x € [G,G], we have 

sc\g[x) = sup , - ■ 
0eQ 2i'(0j 
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2.2. Mapping class groups. 

For g > I, the abelianizations of the mapping class group Mg of the surface Sg 
and its subgroup Hg are finite (see [13]). Therefore, ah elements oi Mg and Hg 
have powers that are products of commutators. Dehn showed that the mapping 
class group M.g is generated by Dehn twists along non-separating simple closed 
curves. We review some relations between them. Hereafter, we do not distinguish 
a simple closed curve in Sg and its isotopy class. 

Lemma 2.5. Let c be a simple closed curve in Eg, and / e -Mg. Then, we have 

tf{c) = ftcf'^- 

From this lemma, the values of scl and homogeneous quasimorphisms on the 
Dehn twists about nonscparating simple closed curves are constant. 

Lemma 2.6. Let c and d be simple closed curves in Eg. 

(a) If c is disjoint from d, then tctd = tdtc- 

(b) If c intersects d in one point transversely, then tddtc = tdtctd- 




Figure 2. The curves ci, C2, . . . , C2g+2- 



Lemma 2.7 (The hyperelliptic involution). Let ci, C2, . . . , C2g+i be nonscparating 
curves in Eg as in Figure [2] We call the product 

the hyperelliptic involution. For g = 1, the hyperelliptic involution l equals to 
tcitc2tcitcitc2tci, where Ci (resp. C2) is the meridian (resp. the longitude) of Ei. 

Lemma 2.8 (The chain relation). For a positive integer n, let ai, a2, . . . , a„ be a 
sequence of simple closed curves in Eg such that a; and aj are disjoint if |i — j| > 2, 
and that Oj and a^+i intersect at one point. 

When n is odd, a regular neighborhood of ai U 02 U • • • U a„ is a subsurface of 
genus (n — l)/2 with two boundary components, denoted by dx and ^2- We then 
have 

ij^an ' ' ' ^(12 ^ai ) ^(^1 ■ 

When n is even, a regular neighborhood of ai U 02 U • • • U a„ is a subsurface of genus 
n/2 with connected boundary, denoted by d. We then have 

(^a^ ' ' ' ^a2^ai) ^ ^ ^d- 
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2.3. Meyer's signature cocycle. Let X be a compact oriented (4n+2)-manifolds 
for nonnegative integer n, and let F be a local system on X such that r(a;) is a 
finite dimensional real or complex vector space for x € X. If we are given a regular 
antisymmetric (resp. skew-hermitian) form F^F — )■ K (resp. F(g)F — C), we have 
a symmetric (resp. hermitian) form on H2n+i{X; F) as in |201 p. 12]. For simplicity 
we only explain the complex case. It is defined by 

H2n+i{X; F) <E) H2n+i{X; F) - H^''+\X, dX; F) <E> H^'^+\X, dX; F) 

H'^^^+'^{X,dX;T®T) 

H^"+^{X, dX;C) 

C, 

where the first row is defined by the Poincare duality, the second row is defined by 
the cup product of the base space, the third row comes from the skew-hermitian 
form of F as above, and the fourth row is the evaluation by the fundamental class of 
X. Meyer showed additivity of signatures with respect to this hermitian form (more 
strongly, he showed Wall's non-additivity formula for G-signatures of homology 
groups with local coefficients). 

Theorem 2.9 ([20l Satz 1.3.2]). Let X and F be as above. Assume that X is 
obtained by gluing two compact oriented 2n-manifold X_ and X^ along some 
boundary components. 

Then, we have 

Sign(ff„(X;F)) = Sign(iJ„(X„;F|xJ) + Sign(i/„(X+; F|x+)). 

Consider the case when X is a pair of pants, which we denote by P. Let a and 
/? be loops in P as in Figure [3] 




Figure 3. loops in a pair of pants 



For ifjip Cz M.g, there exists a Sg-bundle E^^^^ on P whose monodromies along a 
and j3 are (f and "01 respectively. This is unique up to bundle isomorphism. In this 
setting, the intersection form on the local system Hi{Y,g] R) induces the symmetric 
form on Hi(P] 7?i(Eg; M)). Meyer showed that the signature of this symmetric form 
on Hi{P; Hi{T,g; M)) coincides with that of E^p^^,. Moreover, he explicitly described 
it in terms of the action of the mapping class group on Hi{J^g; R) as follows. Fix the 
symplectic basis {Ai, Bi}f^^ of 7Ji(Eg; Z) as in Figure HI then the action induces a 
homomorphism p : M.g — )• Sp(2(7;Z). Let / denote the identity matrix of rank 



ON STABLE COMMUTATOR LENGTH IN HYPERELLIPTIC MAPPING CLASS GROUPS 7 



and J denote a matrix defined by 



J = 



/ 

-/ 



For symplectic matrices A and B of rank 2g, let Va,b denote the vector space 
defined by 

Va.b = {{v, w) e K^'' X I {A~^ - I)v +{B- I)w = 0}. 
Consider the symmetric bilinear form 

( , )a.b ■■ Va.b x Va,b ^ K 

on Va,b defined by 

{{vi,Wi),{v2,W2))j^ g ■■= (Vi +Wi)'^J{I - B)W2. 

Then, the space Va,b coincides with ffi(P;ffi(Eg;R)), and the above form ( , )^^_^^ ^^^^ 
corresponds to the symmetric form on Hi{P; Hi{T,g;M.)). 




Figure 4. A symplectic basis of i?i(I]g;Z) 



Meyer's signature cocycle Tg : Mg x Mg — Z is the map defined by {ip,ip) H> 
( , )p(^^-^ p(^), which is a bounded 2-cycle by Theorem l2.9l When we restrict it to the 
hyperelliptic mapping class group Hg, it represents the trivial cohomology class in 



bg : Hg 



Since the first homology HiCHgiQ) is trivial, the cobounding function 



J of Tg is unique. It is a quasimorphism, called the Meyer function. 
In [12], Endo computed it to investigate signatures of fibered 4-manifolds called 
hyperelliptic Lefschetz fibrations. In [32], Morifuji relates it to the eta invariants 
of mapping tori and the Casson invariants of integral homology 3-spheres. 



3. Cobounding functions of the Meyer's signature cocycles on 
symmetric mapping class groups 

As in the introduction, let m be a positive integer greater than 3 and {qi}^i 
be TO distinct points in a 2-sphere S^. Choose a base point * e S*^ — and 
denote by ai € ni{S^ — {g;}™ i, *) a loop which rounds the point Qi clockwise as in 
Figure \5\ 

For an integer d such that d > 2 and d\m, define a homomorphism 7ri(S'^ — 
{qi}^i) — > Z/dZ by mapping each generator to 1 S Z/dZ. This homomorphism 
induces a d-cyclic branched covering pd : S/i — > with to branched points, where 
S/i is a closed oriented surface of genus h. Applying the Riemann-Hurwitz formula, 
we have h = (d — l)(m — 2)/2. We denote by f : S/j — >■ S/j the deck transformation 
which corresponds to the generator 1 £ Z/dZ. 
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Figure 5. a loop ai 

Let 77 denote the d-th root of unity exp(27r\/— l/d). The first homology Hi{Y,ji; C) 
decomposes into a direct sum 0^^i l^'' , where 1/^ is an eigenspace whose eigen- 
value is z € C. Note that is trivial since the quotient space Eg/ (t) is a 2-sphere, 
where (t) denotes the cyclic group generated by the deck transformation t. We also 
denote by Ch{t) the centralizer of t in the diffeomorphism group Diff+ E/i. We call 
the path-connected component iroChit) the symmetric mapping class group of the 
coverings, which is defined by Birman-Hilden (see, for example, [5]). 

In this section, we define 2-cocycles on the symmetric mapping class group 
T^oChit) using the w-signature in |15j which derive from the nonadditivity formula. 

Let us consider an oriented S^-bundle E^p^^ over P whose structure group is 
contained in Ch{t), and monodromics along a and P are Lp and ip in ■KQCh{t), respec- 
tively. Since coordinate transformations commute with the deck transformation 
we can define a fiberwise Z / dZ action on E^^^^ . Since the structure group is in Ch (t) , 
not only iJi(I]/i;C) but also each eigenspace V^' is a local system on P. We can 
extend the intersection form as a skcw-hermitian form Hi{J^h', C) (E) Hi{J^h; C) C 
defined by 

(cci + X2V^) ■ (yi + y2\/^) = xi ■ yi + X2 ■ y2 + {xi ■y2- X2 ■ yi)V^. 

For V e V^' and w e v" {l<j<d-l,l<k<d~ 1), 

(tv) ■ w = (lo^v) ■ w — uj^^ {v ■ w), 

{tv) ■ w = v ■ (t^^w) = V ■ (w^'^w) = uj^''{v ■ w). 

Since is not equal to w"*^, we have v-w = 0. Hence, C) decomposes into 

an orthogonal sum of subspaces {V'^'}j~l. By restricting the intersection form on 

Hi{T.h; C) to , we can define a hermitian form on i?i(P; V"^^). By Theorem 1 2. 9 [ 
we have a 2-cocycle on 7roC/i(t) as follows. 

Lemma 3.1. Let j be an integer such that 1 < j < m — 1. The map Tm^dj ■ 
T^aChit) X TToChit) — > Z defined by 

T,„.d,,((p,V) = Sign(iJi(P; V^')) 

is a 2-cocycle, where V^^ is the local system on P induced from the oriented S^,- 
bundlc Ep^^ — >• P. 

Proof. The proof is the same as for [20l p. 43 equation (0)]. Applying additivity of 
signatures to two oriented E/i-bundles on P, we can sec that Tm.d,j satisfies 

Tm.d,j{'Pl,'P2) + Tjn,d,ji'Pl'P2, 'Ps) = Tm,d,j i^Pl , 'P2'P3) + Tm,d,j{'P2, ^Ps), 
for ipi , 1^2 , </53 e TToC/i (t) . □ 
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Since the deck transformation t acts on H^{P,dP; V"^ ) by multiplication of r/^ , 
we can calculate Z/dZ-signature as 

Sign(i?i (P; ), = 77'=^' Sign(i?i (P; )) - ,7^V,„.d,, (^», 

for < fc < m - 1. Moreover, in gOl Satz 1.2.2], Meyer proved Sign(£'^_^, t'') = 
Sign(i7i(F;iJi(Eft;C)),t'=). Hence, we have: 

Lemma 3.2. For < fc < 77i - 1, 

Sign(£;^,^,t'=) ^?7'^V™,<jj((p,7/'). 
i=i 

3.1. The symmetric mapping class groups. A diffcomorphism / : E/j — > Yjh 
in Chit) induces a diffcomorphism / : 5*^ — > 5*^ which satisfies the commutative 
diagram 



E 


h 


f 




Pd 








- 


f 





Moreover, since / satisfies p'^^iq) = Pd^ifiq)) for any q G S'^, we have / g 
Diff_|_(S'2, j). Therefore, we have a natural homomorphism V : 7roC;i(t) — > 

Mq^ which maps [/] to [/]. By a similar way to [SJ Theorem 1] (see also [51 Section 
5]), we have: 

Lemma 3.3. Let m > 4. The sequence 

1 > Z/dZ > TToChit) ^ > > 1 

is exact. 

Let Si : S"^ ^ be a half twist of the disk which exchanges the points qi and 
qi-^i as in Figure [6] Wc denote by ai G Ai^ the mapping class represented by 




Figure 6. the diffcomorphism Si 



Si. By lifting s^, we have a unique diffcomorphism : E^ — > E;; which satisfies 
supp Si = p^^(suppsi). Let us denote the path-connected component of Si by cr^. 
Note that when d = 2, ai is the dehn twist along a nonseparating simple closed 
curve. 

Lemma 3.4. The set {^i}™^^ C noChit) generates the group TToCh{t). 
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Proof. Since {cri}^^^ generates the group TM™, it suffices to represent [t] e noCh(t) 
as a product of {cilta^- Let cj^\t) denote tlie subgroup of Ch{t) defined by 
Ch\t) = {/ e Chit) I = ^(*)}- Oniy in tliis proof, we also call the 

Dehn twists the representatives of mapping classes of Dchn twists. The diffeomor- 
phisni si • • • Sm-2Sm-iSm-2 • • • Si in Diff_|-(S'^, {(7i}™ i) is isotopic to the product of 
Dchn twists t^^tc' in Figure [71 and it is also isotopic to the Dchn twist t^^. 




Figure 7. the curves c, c' , d 

Therefore, the lift si ■ ■ ■ Sm-2Sm-i^m~2 • • • Si is isotopic to some lift fi : S/j — > 
S/i of t^^. Since we can choose the isotopy in Diff+(5^, {gij^^) so that it does not 
move *, the lift /i fixes p~^{*) pointwise. Let D be the closed disk which is bounded 
by d and contains *, and /2 denote the lift of which satisfies supp/2 C p~^{D). 
Since /1/2 is a lift of the identity map of S^, and the action of /2 onp^^{*) coincides 
with that of t, we have /1/2 = t € Diff_|_ E^. Since trf is isotopic to the identity map 
in Diff+ Sft, we have [/2] = 1 £ TToCh{t). Thus, we obtain 

CTl • • • 0-m_2<5'^_iO-m-2 ' ' ' CTl = [fl] = [/1/2] = M £ TToCh{t). 

□ 

3.2. The cobounding function of the cocycles T„i^d.j- Recall that, for an in- 
teger d with d|m, we have a covering space pd ■ S^- Let g be an integer 
g = {m ~ l){m — 2)/2. If we consider the case when d = m, we also have the 
m-cyclic covering on 5^ whose genus of the covering surface is g. thus we identify 
it with the surface Eg, and denote the covering by p : Eg 5*^. 

Since the quotient space E^/ (f^) is also a d-cyclic covering of with m branched 
points, we can identify E^, = E^/ (f^). Since a diffcomorphism / G Cg{t) induces 
a diffcomorphism / on Eg/ (f^) which commutes with t, we have a natural homo- 
morphism V : TToCg{t) TToChit) which maps [/] to [/]. Since H*{TToCh{t);Q) = 
H*{M'^; Q), and H*{M'S'; Q) is trivial (see [T0| Corollary 2,2), there exists a unique 
cobounding function of Tm,d,j- Denote it by 4>m,d,j '■ T^oCh{t) — >■ Q. 

Actually, Gambaudo and Ghys [T5] already found these quasimorphisms and 
calculated the values of their homogenizations. They considered the mapping class 
groups of pointed disks and calculated the quasimorphisms defined on them, while 
we consider the mapping class groups A^™ of pointed spheres. In other words, they 
considered signatures of surface bundles on a pair of pants whose fibers are surfaces 
with boundary instead of the closed surface Eg. 

Let n be a positive integer, and choose distinct n points {q'llf^i in D^. It is 
known that the mapping class group which fixes boundary pointwise and 
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setwise is isomorphic to the braid group i?„. When n < m, the inclusion map 
(D^, {qi}'2=i) — > (S^, {Qi}iLi) which maps g- to qi induces homomorphism i : i3„ — > 
A^g". Denote the half twist cr^ G Bn which permutes g,- and q'^^i- Then, we have 
L{a[a2 ■ ■ ■ cJi-i) = o'iO'2 ■ ■ ■ cr„_i. They calculated the value of their quasimorphisms 
on cri (T2 • • • cr'n-i in Proposition 5.2. However, their values are different from our 
computation of (j}m.j{<^i'^2 • ■ ■ fn-i) in Theorem 11.11 since we are considering closed 
surfaces as fiber surfaces. 

This construction is also similar to higher-order signature cocycles in Cochran- 
Harvey- Horn's paper [3]. They also considered regular coverings on a surface with 
boundary, since they want to treat coverings including non-abelian and non-finite 
ones. We should emphasize that the coverings we are considering are the only case 
when TToChit) is a finite group extension of the full mapping class group Al™ of a 
m-pointed sphere with respect to a natural homomorphism V : noChit) — > A^™ in 
Section 13.11 

By Birman-Hilden [6l Theorem 1], the natural homomorphism TTQCh{t) Mh 
defined by [/] i— >■ [/] is injective. In particular, if we consider the case when m is 
even and the double covering p2 '■ — )■ S"^, this homomorphism induces isomor- 
phism between TroCh{t) and Hh- In this case, the eigenspace coincides with 
-ffi(E/i;C). Thus, we have: 

Remark 3.5. When m is even, (j)m,2,i ■ T^oCh{t) — )• Q is equal to the Meyer 
function (f>h ■ Hh ^ Q on the hyperelliptic mapping class group, under the natural 
isomorphism noChit) = Hh- 

Lemma 3.6. For 1 < j < d — 1 and ip £ TToCg{t), 



4'm,m.,mj/d{'^) = 4'm,dj{'P{(p)). 



Proof. Since i?i(7roCg(t); Q) is trivial, it suffices to show that = 
'i'ra,d.j(J-'{'^)i'P{'^)) for (fjip G TTQCg{t). If / : — > P is ail oriented Sg-bundle with 
structure group Cg{t), the induced map f E / (f^) P is an oriented E/j-bundle 
with structure group Ch (t) . If we denote the monodromies of / along a and /? by 
(f and ip, the ones of / are V{ip) and 'P{ip). 

Let uj be the m-th root of unity exp(27r\/— I/ti), and let g^; : Eg — > Eg/ {f^) 
denote the projection. To distinguish eigenspaces of _ffi(Eg;C) and i?i(E?i;C) of 
the action by we denote them by [VgY and iVhY instead of , respectively. 
The projection qd induces the isomorphism iJi(Eg; C)^*''^ ^ iJi(E/i;C). Moreover, 
we have (V"g)""^ = {VhY^ ■ Hence, it also induces a natural isomorphism between 

i?i(P; {VgY"'''") and i7i(P; (V,,)'''), where [VgY"^''" and [VhY' are local systems 
coming from / and /. 

Let a, b be loops in Eg — We may assume that qd{a) U qd{h) has no 

triple point. Then, the intersection number [qd{a)\ ■ [qd{b)\ in E/i coincides with 
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[id ^(9<i(^))] ' M i'^ ^9- Hence, we have 

m/d—1 m/d—1 m/d—lm/d—1 

E [(^*)*«] • E [(**)*^] = E E [(^'^"*')*«] • [^] 

i=0 i=0 2=0 j=Q 

= '^[<id'i<i'im-ib] 

= ^[qd{~a)]-[qd{b)]. 

Therefore, the isomorphism iJi(Sg;C)^* ^ ^ iJi(I]/i;C) induced by the quotient 
map : — > E/i preserves the intersection form up to constant muhiple. Thus, 

it also preserves the intersection forms on Hi{P; (Vg)" ) and Hi{P; (Vh)^^ ), and 
we obtain 

Tm,m,mj/diV,^) = Sign(ifi (P; (K,)""''')) 

^T„,,dAnv),'pm. 

□ 

By Lemma 13.61 it suffices to consider the case when d — m, we simply denote 

'^m.mj — ^m^j and (j^m^m.j — *?^m,j- 

Lemma 3.7. 

(t'mjif) = 0m,m-j(v)- 

Proof. By taking complex conjugates, we have an isomorphism i : V^^ = \ 
Moreover, it induces the isomorphism : Hi{P; V^^) = Hi{P; 1/"" ^). 

Let us denote the hermitian form on Hi{P; ) by {,).. By the definition of 

the hermitian form, we have {x,y)^ ~ {'^*^T^*y)m-j ^'^^ -^'^ ^ Hi{P;V'^^ ), where 
z is a complex conjugate of z e C. Thus, the signatures of the hermitian forms 
( , )j and ( , coincide, and the cobounding functions of Tmj and Tm,m-j also 

coincide. □ 

4. The homogeneous Meyer function 

In this section, we will prove Theorem II .31 In Section [4. 11 we give an inequality 
between a quasimorphism and its homogenization when it is antisymmetric and a 
class function (Lemma I4.ip . and prove Theorem 11.31 (i). In Section l42l we prove 
Theorem 11.31 (ii) by giving a lower bound on the defect of 4'm,m/2 ■ ^oC'g(i) — > 
which is the cobounding function of the 2-cocycle tv„ 

4.1. Proof of Theorem [mo)- 

Lemma 4.1. Let G be a group, and : G — R a quasi-morphism satisfying 

H^yx^^) = <l>{y), <l){x^^) = -<l>{x). 

Then, we have 

DW < D{cj>), 
where (f) is the homogenization of cj). 
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In [12] Proposition 3.1, Endo showed that the Meyer function (pg : Tig — > Q 
satisfies the conditions in Lemma l4.ll The quasimorphisms 4>m,j also satisfy these 
conditions. 

In [24], Turacv defined another 2-cocycle on the symplcctic group. In [14] Propo- 
sition A. 3, Endo and Nagami showed that his cocycle coincides with the Meyer co- 
cycle up to sign. Since Turaev's cocycle is defined by the signature on a vector space 
of rank less than or equal to m — 2, A similar argument shows D((f>m,j) < m ~ 2. 
Thus, Theorem 11.31 fi) follows from Lemma l4Tl 

Lemma 4.2. For any a,b,x G G, 

(l){{abfx) - (l){xba^b^) = (5(^([6, a], {abfx) + 5(l){[a, b],babxba^). 



Proof. By the definition of the coboundary operator, we have 

(1) 6(l){[b, a], (abfx) + (50([a, b],babxba^) = <l>{{ab)^x) + <j>{[b, a]) ~ <j>{ba{abfx) 

+ (j){babxba'^) + (j){[a, b]) - (j){ab'^xba^). 

By the assumptions on 0, we also have 

(j){ba{ab)^ x) = (f>{babxba^) , 

<^([6,a]) = -0([a,&]), 
(j){ab'^xba^) ^ (f>{xba^b^). 

If we apply these equation for terms in the right-hand side of the equation ([1]), we 
obtain the desired equation. □ 

Proof of Lemma ^4-l\ Let a and b be elements in G. Since 5(j){a^ ,b^ ) = (t){a^ ) + 
(jjify^") — (t){a!^"b^ ), we have 



= lim 



3" 



If we apply LemmaiJfor x = (ab)^^^, (ab)^ -^{ba^b"^), . . . , {ab)^{ba^b'^)^ ^\ [ba^'^f -\ 
we obtain 

< mabf^'\ba'by)-<j){{abf'^^'+^\ba'by+^)\ 

1=0 

< 2D{4>) X 3*=^^ 

Furthermore, we have 



n 



fc=i 
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Hence, we obtain 

n— J-oo ^3^^ 

for any a, b E G. □ 

4.2. Proof of Theorem 11.31 (ii). We will prove Theorem 11.31 (ii). Let m be an 
even number greater than or equal to 4. By Remark 13. 5[ we consider the Meyer 
function (fig on the hyperelliptic mapping class group Hg instead of 4'm.m/2- 

Lemma 4.3 ([T] Proposition 3.5). For any A e Sp{2g;Z), 

Sign(( , )^._^) = Sign [-Jjli^' - ^"')) ■ 

Let Ci, df , and d~ denote the Dchn twists along the simple closed curves in 
Figure [51 




Lemma 4.4. 



Figure 8. curves in Sg 



(C2C4 ■ ■ • clg, d+d^ d+d^ ■ ■ ■ d+dg ) -2g. 



Proof of Lemma \4^ Since the pairs (ci, Cj), {dfd^ , dj'dj ), and (q, d'j'dj ) mutu- 
ally commute when i ^ j, we have 

S4'g{clcl ■ ■ ■ clg, d^d^d+d^ ■ ■ ■ djd') 

= 4>a{clcl ■ ■ ■ clg) + 4)g{dtdldtd:2 ' ' ' d'^d'g) - (pgicldtd^cld^^d^ ■ ■ ■ clgd+dg) 

= i^^^gicl) + ^Adfdi) - M^ldtdi)). 

Hence, It suffices to prove 4'g{cl^) + 4'g{d^d^) — 4>g{clid^d^} — —2 ior 1 < i < g. 
Since p{df) — p{d^), we have 

M4^) + Mdtd;) - Mcldfd-) 



,0 J. 

n ^ {^aiicldtd-)\cldtd-) - Tgic^Ad - Tg{{dtd-)\dtd-)} + Tgicl^d+d-) 

^ n — 1 

hm - ^ {r,((4(d+)2)^ clMf) rg(c^Ai) ~ rg{{dtf\ {d+f)] + r,(4, {dtf). 



n—yoo n 
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There exists a mapping class t/ji such that '0iC2i'0i ^ ~ C2 and ipidf'ipi ^ = for 
i = 2, . . . , g. Since the Meyer cocycle satisfies the property 

Tg{xyx^^,xzx^^) =Tg{y,z) 

for x,y, z G Mg, we have 

n— 1 

hm -{Tg{{cUdt f)\ clMt?) - Tgis^, 4) ~ Tg{{dtf\ {dt f)} + Tg{cl, (4)') 



n— )-00 ^ ^ Tl 



n — 1 ^ 

lim E -{^9{{cl{dtf)\ cl{d+f) rg{cl\ c\) Tg{{dtf\ {d+f)} + Tg{c\, {dXf). 



71— >-CX5 ' 77, 



Let us consider the case when .9 = 1. Since 

P{c\) = (J i) . = (^2 ?) ' p{c\{dXf) 



-3 2 
-2 1 



we have 



fc=i 





2n(n + 1) 



2fc. _ /2n(n + l) 



-jY^{p{dXr-p{dt) . > 
fc=i ^ 
n "/it 

fe=i fc=i ^ 

= {(-ir(2n + l)-l} (^"^1 \ 
By Lemma 1.1, we obtain 

(2) ,„„ V !k(fE:£l) = l,„ V = 1, 

n— >oo ■'^^^ — ^ Ji n^oo ■'i^^ — ^ 77, 

n— ^00 ^ — ^ rj, 

k=\ 

When g > 2, the same calculation also shows the equation It is an easy 

calculation to show that 

Tg{cld+d^)=0. 

Therefore, we obtain 

4(4) + Mdfd-) - Mcldfd-) = -2. 

□ 

In the same way as the equation we have Tg(sQ, sq) = 1. Hence, we obtain 
4(so) = - lim ^gK.go) +0 (gp) = + (so), and 

4(sh) = <l>g{so)- 
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By Lemma 3.3 and 3.5 in Endo |12| . we have 

9 



and (j)g{tsj 



Ah{g - h) 



2.9 + 1 

g gives the lower bounds for scl-Hg(<Sh) 



2.9 + 1 

Remark 4.5. By Theorem O and [2H 
[i = 0, . . . , .9 — 1) corresponding to ones given in pi] . 

Remark 4.6. By Theorem 1 1.71 Theorem 12. 41 and remark H751 we have sc\mi (tc) ~ 
1/12. Let p : Mi = S'L(2,Z) PSL{2,Z) be the natural quotient map. It is 
easily seen that for all x € TWi, scItvIi (x) = sclpsi(2^z)(p(x)). Louwsma determined 
sclpsL(2,z)(y) = 1/12 for y = p{tc) (see [IHl). 

Proof of Corollary \1.6\ From the above arguments, we have 



Di^g) = 2.9 



On the other hand, for any homogeneous quasimorphism (f) on Hg, from Defini- 
tion [2121 we have 



D{cf,) > \<l>{cl---c%) + cl>{dtd^---d+d-) 



■cjgdtd'i 



■dtdg] 



l0(c^••c^,) + '/'Kd^ 



E 



i4^dtd-)) 



Therefore, we have 
(4) 



1. ^^ IELiW4) + ^(rfMn- 

2 0eQ 2i?(0) 



(4rf+dr))i 



where Q is the set of homogeneous quasimorphisms on Hg with positive defects. 
By Lemma [2^ we have {d^C2di)'^ — si, {dfc2idY)^ = Si-iSi (i = 2, . . . , g — 1), 



and {d+C2gdg ^ = Sg_i. 



Since C2i commutes with Sj, {c2d^ dfc2di df)'^ = si. 



By Lemma 12.61 
. , 5, as is easy to check. It follows that 

s,_is,,(drd+)-2^ and {c2gd~d+C2gY = 



(c2idj dfc2id^ d^Y = Si_iSi, and (c2g(ig d+C2gdg d+f 
C2id~dfc2i commutes with d~df for i = 1, 
ic2d:[d^C2y = {c2td~ d'l 021^ 

Sg^i{d~d'^)~^. These equations give 

2^icld^dt) = 0(si)-20(dr4), 
2(/)(4d-d+) = (t>{s,-i) + - 20(d-d+), and 



Now the equation Q becomes 



mdgdg. 



1 

- = sup ■ 

^ 0eQ 



2i?(0) 



Let c be a nonseparating simple closed curve which is disjoint from si,. . . dj. 



^2 ,. 



4-1' Vi- 



Since d'l 



about nonseparating curves, we have 

1 |(2<? + 8)0(c) + 2Ef=2'^(rfM^ 



d^ and d^ = d^ and these are the Dehn twists 



- = sup 

^ <i>eQ 
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By using Theorem 12.41 this completes the proof. 

5. Proof of Theorem 11.71 



□ 



In this section, we prove Theorem 11.71 

Let ci, . . . , C2g+2 be nonseparating simple closed curves on Eg as in Figure [2] and 
let (j) he a homogeneous quasimorphism on T-Lg. For simlicity of notation, we write 
ti instead of By t t^^, wc have i2g+ii2g ■ ■ ■ ^2^1 = {t2g ■ ■ ■ ^2)"^- Since each 
of the two boundary components of a regular neighborhood of C2 U C3 U • • • U C2g is 
C2g+2, by Lemma [2.81 we have {t2g ■ ■ -^2)^^ = t\g+2- Note that this relation holds 
in T-Lg. Therefore, by Definition 12. 21 we have 

(5) ^{tlg+lt2a ■ ■ ■ t2ti) = -Cj)it2g ■■■t2) = -i^(i23+2). 

By Lemma [2731 {&) and 12.61 (a) we have the following equation. 
(t^i^lg+ihg ■ ■ ■ hht^) = (I){t\tlg+it2g ' ' ' ^3^2) (by Lcm 



4>{t 



2g+l*2g ' ' 



0(t2< 



= 4>{t\ 

= Ht] 

= 0(t 

= Ht] 

= 0(t 



2g+1^25 
2g+l*2g ' ' 
2g+l*2g ' ' 
2g+l*2g ' ' 
2g+l*2g ' ' 
29+1*29 • • 
2g+l*2g ' ' 



*3<i*2) (by Lem. 
■■tiht\) (byLcm.HJl) 
Uhhtj) (by Lcm. [IH) 
tfihh tlUh) (by Lem . [M] and \2M 
teUt2h htl) (by Lcm . |2J] and [2761 
titbHtiteUPi) (by Lem. 12.61 and 
ts, tQtit2 t7UUtl) (by Lem. [Ml and [M 



htrt^t^tlt^toUt^) (bv Lcm. [231 and [2761 



— <^((*2g+l''2g-l ' ' ' ^S^S^l) (*2gi2g-4 ' ' ' tit2))- 

From Definition 12.21 and the equation ([5]) 

D{^) > imlg+l ■ ■ ■ t3tl){t2g ■ ■ ■ Ut2)) - 0(^+1 • • • ht\) - Cp{t2g ■ ■ ■ ^4*2)! 
= I - ^0(t2g+2) - C^{tlg+l ■ ■ ■ htl) - C^{t2g ■ ■ ■ Ut2)\, 

where D{(f)) is the defect of (p. From Lemma [2.3[ Lemma [2.51 and Lemma [2.61 we 
have 



i(/.(ti) + (.g + 3)0(ii)+#(fi) 
9 

1 



D{4>) > 

By Theorem 12.41 we have scl-Hg(ti) < 
Theorem [IJl 



2(2g + 3 + l/ff) 



= (2g + 3 + l/g)|(/)(ti)|. 

. This completes the proof of 



Remark 5.1. By a similar argument to the proof of Theorem 11.71 for all m > 4, 

we can show sclyu'"(CTi) = ttt 7777 ;:tt- 

" ^ ^ 2{to+1 + 2/(to-2)} 
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6. Calculation of quasimorphisms 



In this section, we prove Theoreni ll.il To prove it, we perform a straightforward 
and elementary calculation of the Hermitian form { , ) ^ on the cigcnspace 

Let p : Sg — > 5^ be the regular branched m-cyclic covering on 5^ with m 
branched points as in Section [3.21 Choose a point in p^^{*), and denote it by 
* € Sg. We denote by at the lift of ai which starts at *. Note that is a 

loop in Sg while cti is an arc. We denote by ei{k) € Hi{T,g;Z) the homology class 

hi«r' 



represented by a2ai(5.j+\'"' 
Lemma 6.1. The set of the homology classes {ei{k)} i<i<m-2 is a basis of -ffi(Sg; Z). 

0<fc<m-2 

Proof. We use the Schreier method. Let T denote a Schreier transversal T = 
and S a generating set S = {aj^^"^ of tti{S^ - i). The subgroup 

7ri(Sg - {p^'^{qi)}iU) is generated by 

{{rs{rs)-^\r eT,seS}^ {aja,aj"'=-^}2<i<m-i U {a""^a,}i<i<m-i- 

0<fc<m-2 

By van Kampen's theorem, the group 7ri(Eg) is obtained by adding the relation 
a" = 1 to 7ri(i;g - i). Thus, the set {a'laia'^j^a^''} i<i<m-2 generates 

0<fe<m-2 

the group 7ri(Sg). It implies that {ei{k)} i<i<m-2 is a generating set of i/i(Sg; Z). 

0<A;<rn-2 

By the Ricmann-Hurwitz formula, iJi(S]g;Z) is a free module of rank 2g = 
(m — l){m~ 2), and it is equal to the order of the set {ei{k)} i<i<„i-2 ■ Therefore, 

0<fe<m-2 

the set {ei(fc)} i<i<,„_2 is a basis of the free module i/i(Sg;Z). □ 

0<fc<m-2 

6.1. The intersection form and the action of ff;. Let j be an integer with 
1 < j < m — 1. Firstly, we find a basis of V^^ C iJi(Sg;C), and calculate 
intersection numbers. 

Lemma 6.2. The intersection numbers of {ei(fc)} i<i<m-2 are 

0<k<m~2 

ifi = i'-l, ( 1 iii^i', 

ifi = i' + l, e,{k) ■ e,' {k + 1) = < I ifi = i'-l, 

otherwise, [ otherwise, 

if « = i' , 

e^{k) ■ ei,{k~l) = {l ifj = j' + l, e^{k) ■ e,,{k') = if|fc-fc'|>2. 

otherwise. 

Proof. Wc only prove the intersection ei{k) ■ ei+i(fc + 1) = 1 since the other cases 
are proved in the same way. 

Let li be the paths as in Figure IHl Consider the m-copies of the 2-sphere cut 
along li, and number these copies from 1 to m. For convenience, we call the first 
copy of the 2-sphere the (m + l)-th copy. Gluing the left hand side of Ij in the 
fc-th copy to the right hand side of k in the (fc + l)-th copy for fc = 1, 2, • • • , m, 
we obtain a closed connected surface homeomorphic to Sg, and it is naturally a 
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Figure 9. paths Zi, ^2, 



covering space on S^. As in Figure ITOl and Figure [TTJ the loops representing ei{k) 
and ei-|-i(fc + 1), intersect once positively in the (k + l)-th copy. 




Figure 10. the k-th copy Figure 11. the (fc + l)-th copy 

Hence, we have ei(fc) • ei+i{k + 1) = 1. □ 

For 1 < i < TO — 2, we denote Wi = J2T=o '^^'''^^''i^)- Since teilk) = ei{k + 1) 
for 1 < fc < TO — 2 and ei{m — 1) = — Y^^^o we have Wi £ V^' , and the set 

{w^y■lY^ is a basis of V^' . 

Lemma 6.3. The intersecton numbers of {wi}i<i<m-2 are 

d{uj-i-l), ifi = i'-l, 

0, otherwise. 



Wi ■ Wi' 



Proof. By Lemma l6.2i we have 

w,-w, = ^^cjJ('=-')e,;(fc) • e,(/) = d{-uj-^ +iu^) 

k=0 1=0 
-1 d-l 

Wi ■ Wi ^ 

k=0 1=0 

and Wi ■ Wk ~ when |i — fc| > 2. □ 



Let (7 = CTi • • • (Tr_i. Secondly, we will find eigenvectors in V^^ with respect to 
the action by a. 
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Lemma 6.4. Let i be an integer such that 1 < i < m — 1. Then, we have 



(CTj)*e/(fc) 



ei{k) + ei-|_i(fc), if 2 < I < TO — 1, and I = i — 1, 

—ei{k — 1), if / = i, 

e,_i(fc- l) + e,(/c), if/ = i + l, 

^e;(/c), ii I i — + I. 



Proof. RccaU that ei(fc) is the homology class represented by the loop aiCtia^^-^a^ ^ . 
In the fundamental group 7ri(5^ — {'Zili^i); have 

By lifting these loops to the covering space Sg, we obtain what we want. □ 



By Lemma |6.4[ the matrix representations of the actions of {d'i}^^^ on 
with respect to the basis {wi}i<i<m-2 are calculated as 

'-LJ-^ LJ-^ O \ /li-l O O 

(ai), = I 1 O , (ct,)* ^ \ O L O 






1 


o 





o 




Im—i 





o 


o 


1 





o 


1 





O O L 



m — i—4 J 



where 



'10 \ m-3 

L = I 1 -a;-^' o;-^' , u = (1, 1 + ■ ■ • , XI '^"^'')'^- 
.0 1 / fc=o 



Let r be an integer with 2 < r < to, and put 



e^(fc) — [aidr{dia2 ■ ■ ■ dr) ^(aia2 • • • dr)di 



By Lemma 16.41 we have 



a^ei{k) — ei+i(fc), when 1 < i < r — 2, 
d^er{k) = —e'^.{k) + e,-(fc), 
CT*er_i(fc) = e^(fc), 

CT»e^(fc) = ei(fc — r + 1). 
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If we put w'. — J2'k=o ^ ''^^'A^)^ ^'r is contained in V^^ . For i = 1, 2, . . . , r — 2, 
we have 



fc=o fc=o 

m— 1 



fc=0 

m — 1 7n — 1 

fe=0 fc=0 

Let C = exp(27rv^/r) and Vi =^ X^fc^l ^^''"^^^C"^''"^^'wfe + w^'-^^^'C"^''"^^*^^ 
Then, we have 



k=l 



fe=l 

/r-1 



Hence, Vi is an eigenvector with eigenvalue uj~^C with respect to the action by 
a. Note that the subspace generated by {'Wi}lZi coincides with one generated 
by ■ Since a acts triviaUy on {wij^^+i' ^^^V ^^^^^ eigenvectors with 

eigenvalue 0. Moreover, the set {vi}l~l U {^1}™^+! linearly independent. 

Lemma 6.5. Let be integers such that 1 < z < ?■ — 1 and 1 < i' < r — 1. Then, 
we have 

/ . T^i . T^j . f i j \ 

Srdy—l sin — sin — sinTr , if i = i , 



Vi ■ Vi' = \ r m 

0, otherwise. 



Proof. Since the action of the mapping class group 7roCg(i) preserves the intersec- 
tion form, 

1 — 1 1 — 1 



fc=0 1=0 



fc=o 1=0 
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Thus, Lemma [6.31 implies 



+ UJ-^C{r - 1){W2 ■ wi) + u;-('-i)^C^'^"^^'K • K^'^^Wi) 

o , / — T . TT* . 7rj . f i j 

= ord V — 1 sm — sm — siii tt 

r m \rm 



□ 



6.2. Calculation of w-signatures and the cobounding functions 4>rn.j- Lastly, 
we will calculate the Hermitian form { ,) ^ and the w-signature. We have already 
found the set of eigenvectors {viY-Zl U {tUiji^^+i ^i^h respect to the action by a 
which is linearly independent. Since dimV^"^ = m — 2, we need to find another 
eigenvector. 

Lemma 6.6. 

rid^ , a) = rm — 2\mi — rj\. 

fc=i 



Proof. We first consider the case when rj /m is not an integer. Put 

i=i fe=i ^ 

The subspacc generated by ^"^^ that generated by {wiYiZl coincides. Thus, 

the set {viYiZi^ /3, {w^ilIILr+i forms a basis of V^' when 1 < r < jti — 2, and the 
set {vi\™L{^ forms a basis of V^^ when r = m — 1. We have 

i=2 k=l ^ 

r ^ r ^ r ^ 

1=2 k=l k=l ^ 

r ^7- ^ 

= E-^--Et^7^^'= 

i=l k=l ^ 

= (3. 

Note that j3 and annihilator of the Hermitian form ( , )~k ^ 

since they have eigenvalue 1 with respect to the action by a. 
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By Lemma l43l we have 



i=l 

r / k \ 

= -Y^ sign K . V,) Y,{{u^-'cy - {u^'c'Y) 

i=i V 1=1 I 

r / k 

= - ^ Sign K . - o^'Clil - u;-^C)J2^{^''^'y ~ i^'CY) 



1=1 



By the equations 



„ , , 7r(fc + l)i 7r(fc + l)A . / Trkj TrfcA . / nj ni 

= 8V-1 sin ( ^ '^•^ + — ^ sin - + sin - + — 

m r I \ m r I \ m r 



and Lemma |6.5[ we have 



T{{a) , a) = y sign sin fevr sin(fc + l)7r 

r m I \rm 



Since rj/m is not an integer, i/r — j /m is not zero. Thus, we obtain 



rm r— 1 rm / 

^ t(((t)'^, cr) = ^^sign ( sinfcTT ( J sin(fc + \)tt 



k=l i=l k=l 

r-l 



r m J \rm 



^^(rm — 2\mi — ri\). 



4=1 



Next, consider the case when rj/m is an integer and 1 < r < m — 1. Denote this 
integer rj/m by ig. Then, the eigenvalue of Vi^ is 1, and Vi^ and {wij^^+i in 
the annihilator of ( , )~& - . If we put 



i=l l<fc<r ^ 

k^io 
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the set of the homology classes {wi}i=ii /^'j {wi}YLr+i forms a basis of We 
have 



Vw;, + i V Vk-- V :j 

^-^ r ^-^ r ^-^ 1 — cj- 

i=2 l</£<r l<A;<r 

k-^ia k^io 

\^ 1 1 ^ 1 



l<fc<r 



l<fc<r 



By Lemma 



1 - fc(fc + i) 



j=l i = l 

Since the eigenvalues of {vi}^^^ are different from 1, the intersection Vi ■ Vig = 
for 1 < i < r — 1. Since the subspace generated by {wi}l~l and that generated by 
{vi}l~j^ coincides, we also have Wi ■ Vig =0. Thus, we have 

T 

/ r-1 \ 



k{k + l) 



Wr ■ I Wr-1 — U) 

\ k=0 
(1 — UJ^^)Wr ■ Wr^l 

(1 -CJ^) > 



(k-r)j 



Wk 



Moreover, since vi ■ Vi^ — 0, Lemma 14.31 implies {vi, P')-k = for 1 < i < r — 1. 
Therefore, we have 



^ r(a^ a) = E E sign((^'., «.>a.,,) + sign((/?', /?%.^^; 



k=l 



E 

fe=i 



sign ( sin kii 



l<i<r-l 



1 _ i_ 

r 771 



sin(fc + l)iT 



r m 



= {rm — 2\mi — rj\) 

l<i<r-l 
r-1 

= y~^(rm — 2|TOi — fjl)- 



1=1 
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In the case when r = m, the set {wi}i=i^ forms a basis of By a similar 

□ 



calculation, we can also prove what we want 
Lemma 6.7. For r = 2, 3, . . . , m, 



m 



r'^j{m~j) 1 



Proof. 



r-l 



T{a^ = sign ( sin kn \ I sin(fc + 1)tt \ 

Since we have ria'^^™ ,a) = t((t''', ct), 

rni 

k=l 
1 '"^ 

= y {rm — 2\mi — rj\) 

rm ^ — ^ 




Proof of Theorem l 1 . 1\ Applying Lemma 16.71 to the case when r = m. we have 

2j{m-j) 



• • ■ O-m-i) — <t>m,,'j{cfi ■ ■ ■ (Jm-l) 



Since 



we have 



(O"! ■ ■ ■ 0-,„_i) = — 0mj((o'l • • • ^m-l)'^) = 0, 



:j(0'i • • • dm-l) 



'2j{m-j) 



□ 



Put ip = dias ■ ■ ■ dm-i, ip = a'20'4 • • • am-2 when m is even, and if = (TifT3 • • • V' 
a'2cr4 • • • dm-i, when m is odd. As we saw in Section[5l cti • • • CTm-i is conjugate to 
ifip. By direct computation, if ((^"^ — l2g)x + {ip* — l2g)y = for a;,?/ € we 
have (lys"-'^ — l2g)x ~ (^/'» — l2g)y = 0. Hcncc, we have Tg(tp, ip) = 0. 

In the same way, for i = 1,2,..., [(m — l)/2], we have 

Tg{a-i(73 ■ ■ ■ a2i+i,d-2d-4 ■ ■ ■ a2i) = Tg{ai(73 ■ ■ ■ a2i+i,<J2d'4 ■ ■ ■ ^2i+2) = 0, 

Tg{(Tld-3 ■ ■ ■ a2i-l,^2i+l) = Tg{a2(74 - ■ ■ ^2i,^2i+2) = 0. 

Thus, 

J, f~\ f 1\A f~ \ '^^^A f~ ~ \ 2(r-l)j(m-j) 

(Pm,j(Cr) = [r - 1)0„ij(CTi) = -(Pm.j[0-1 ■ ■ •CTm-l) = 7 TT • 

m — 1 m{m — 1) 
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Hence, we obtain 

= 4>m,j{(j) " (0m J- (17) - 0m J (O")) 

2 I jr{m — j){m — r) 



( !l 






\ rn 


m 





r I m?{m — 1) 

□ 

By the values of 0m. ii we see: 
Remark 6.8. Let r be an integer such that 2 < r < m. 

(t>ms{oi ■ ■ ■ CTr-l) = 0. 

However, we do not know whether the quasimorphism 0m, 1 is trivial or not. 
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